Amorphous solids that underwent a strain in one direction such that they responded in a plastic manner 'remember' that direction also when relaxed back to a state with zero mean stress. We address the question 'what is the order parameter that is responsible for this memory?' and is therefore the reason for the different subsequent responses of the material to strains in different directions. We identify such an order parameter which is readily measurable, we discuss its trajectory along the stress-strain curve, and propose that it and its probability distribution function must form a necessary component of a theory of elasto-plasticity.
I. INTRODUCTION
An amorphous solid which is freshly produced by cooling a glass-forming system from high to low temperature is isotropic up to small statistical fluctuations. Put under an external strain, its stress vs. strain curve should exhibit symmetry for positive or negative strains. This is not the case for the same amorphous solid after it had been already strained such that its stress exceeded its yield-stress where plastic deformations become numerous, resulting in an elasto-plastic flow state. The phenomenon is clearly exhibited in Fig. 1 . A typical averaged stress-strain curve for a 2-dimensional model amorphous solid (see below for numerical details) starting from an ensemble of freshly prepared homogenous states is shown in the left panel, with a symmetric trajectory for positive or negative shear strain. Once in the steady flow state, each system in the ensemble is brought back to a zero-stress state, which serves as the starting point for a second experiment in which a positive and negative strain is put on the system as shown in the right panel of Fig. 1 . Even though the initial ensemble is prepared to have zero mean stress, the average trajectory now is asymmetric, with positive strain exhibiting 'strain hardening' [1] , but reaching the same level of steady state flow-stress, whereas, the negative strain results in a 'strain softening' and a faster yield with eventually reaching the same value of steady-state flow-stress (in absolute value). This simple phenomenon, sometime referred to as the Bauschinger effect [2] , shows that the starting point γ 0 for the second experiment (referred below as the Bauschinger point) retains a memory of the loading history, some form of anisotropy, which is the subject of this article. We stress that the issue under study is different from anisotropic elasticity which stems from, say, a lattice anisotropy of a crystalline solid. Here the systems under study are amorphous, and nevertheless develop a strain induced anisotropy which is much more subtle to identify and quantify.
How to identify the order parameter which is responsible for the anisotropy underlying the Bauschinger effect is a question that hovers in the elasto-plastic community for some while [3] [4] [5] . One obvious concept, i.e. of 'back stress' [6] or 'remnant stress' for explaining the asymmetry seen in the second experiment in Fig. 1 can be ruled out simply by verifying that the initial point has zero mean stress. A more sophisticated proposition is embodied in the 'shear-transformation zone' theory (STZ) in which it is conjectured that plasticity occurs in localized regions whose densities differ for positive and negative strains, denoted n + and n − [7, 8] . The normalized difference between these, denoted as m, is a function of the loading history and can, in principle, characterize the anisotropy that we are seeking. Unfortunately the precise nature of the STZ's was never clarified, and it is unknown how to measure either n + , n − or m, making it quite impossible to put this proposition under a direct test. More recently it was proposed that the sought after anisotropy can be characterized in granular matter by the fabric tensor F = nn which captures the mean orientation of the contact normals, n, through the spatial average of their diadic product [9] . This order parameter was generalized for silica glass where n was chosen as a unit vector in the direction of the vector distance between Si atoms, disregarding the oxygens. Attempting to test this proposition in the context of the best-studied model of glass-forming, i.e. a binary mixtures of point particles with two interaction lengths, or in the case of multi-dispersed point particles (see below for details), did not reveal any systematic signature of anisotropy. We thus conclude that this order parameter is not sufficiently general to be of universal use in the development of the theory of elastoplasticity, and that the question of identifying a missing order parameter remains open. 
II. THE PROPOSED ORDER PARAMETER
To see what may serve as a general order parameter we examine first the situation with the isotropic amorphous solid which is obtained after a quench without any loading history. Denoting the shear stress by σ and the shear strain by γ, we observe that isotropy dictates that all the even derivatives d 2n σ/dγ 2n must vanish by symmetry. For example a function that can model the stressstrain curve with this constraint in mind may be σ ∼ σ ∞ tanh(µγ/σ ∞ ) where σ ∞ is the flow stress (the mean value of the stress in the elasto-plastic steady state), and µ is the shear modulus. For γ → −γ this function is perfectly anti-symmetric as required for an isotropic system. Imagine now that we add even derivatives to this function, say σ ∼ σ ∞ tanh(µγ/σ ∞ ) + βγ 2 e −γ 2 with β having the dimension of stress. The effect will be to change the stress-strain curve as seen in Fig. 2 , which is quite reminiscent of the Bauschinger effect. We therefore propose that it is advantageous to focus on the even derivatives of σ vs. γ, with the most important one being the second derivative. Note nevertheless that the mechanism leading to the existence of a second derivative in our systems is not obvious in this simple model. The second derivative appears due to plastic deformations whose effect adds up to breaking the isotropic symmetry of the freshly quenched state. We will show that at the Bauschinger point the second derivative is non-zero due to existing closer mechanical instabilities in one straining direction than in the opposite.
A. Statistical Mechanics
Under external loads the displacement field v describes how a material point moved from its equilibrium position. The strain field is defined (to second order) as
where here and below repeated Greek indices are summed upon. We expand the free energy density F /V up to a constant in terms of the strain tensor
(2) The mean stress is defined as
, and
In our simulations we apply a simple shear deformation using the transformation of coordinates according to
where δγ = γ − γ * is a small strain increment from any reference strain γ * . The explicit 2D strain tensor following Eq. (1) is
with an obvious generalization in 3D. Since ǫ xx = 0, the mean shear stress reduces to the form (equally valid in 2D and 3D) = 0. Our proposition is to use the athermal limit of this sum as the characterization of the anisotropy that we seek.
B. Models and numerical procedures
Below we employ a model system with point particles of equal mass m and positions r i in two and threedimensions, interacting via a pairwise potential of the form
where r ij is the distance between particle i and j, ε is the energy scale, and x c is the dimensionless length for which the potential will vanish continuously up to q derivatives. The coefficients c 2ℓ are given by
We chose the parameters k = 10, q = 2 and x c = 1.385.
In the three-dimensional simulations each particle i is assigned an interaction parameter λ i from a normal distribution with mean λ and λ ij = 1 2 (λ i + λ j ). The variance is governed by the poly-dispersity parameter ∆ = 15% where
. In the two dimensional simulations we use the same potential but choose a binary mixture model with 'large' and 'small' particles such that λ LL = 1.4, λ LS = 1.18 and λ SS = 1.00. Below the units of length are λ = λ SS in 2D and λ = λ in 3D. We measure energy, mass and temperature in units of ε, m and (ε/k B ) respectively. The unit of time is τ = mλ 2 /ε. In the 3D simulations below the mass density ρ ≡ mN/V = 1.3, whereas in 2D ρ = 0.85. In all cases the boundary conditions are periodic and thermostating is achieved with the Berendsen scheme [12] . We employ the sllod equations of motion for imposing deformations, and integrate them using a standard leap-frog algorithm [12] . The strain rate is chosen to beγ = 10 −4 τ −1 for all simulations described below. Initial configurations were prepared by equilibrating at least 1000 independent systems in the supercooled temperature regime, followed by quenching to the target temperature at a rate of 10 We choose to measure the sum
using an athermal, quasi-static scheme [10] . This scheme consists of imposing the affine transformation (4) to each particle of a minimized configuration, followed by another potential energy minimization under Lees-Edwards boundary condition [12] . In athermal quasi-static conditions (T → 0,γ → 0), the system lives in local minima, and follows strain-induced changes of the potential energy surface [14] . Therefore, the particles do not follow homogeneously the macroscopic strain, and their positions change as r i → r ′ i + u i , where u i denotes non-affine displacements. Around some stable reference state at γ = γ * , the field u i , the potential energy U , and internal stress σ xy are smooth functions of γ. We choose the stopping criterion for the minimizations to be |∇ i U | < 10 −9 ε λ for every coordinate x i . Within this method one can obtain purely elastic trajectories of stress vs strain [10] . To measure B 2 of a given configuration of our molecular dynamics simulation at any temperature T , we first cool that configuration to T = 10 the corresponding values of B2 as a function of strain. Data was averaged over 1000 independent stress-strain curves at each temperature. Note that B2 is negative even when the averaged stress-strain curve has a positive curvature, see text for discussion. using molecular dynamics during a time interval of 50τ . This chosen temperature is sufficiently low to exclude any thermal activation on the time scale of the simulations. This initial treatment brings our configuration to an elastically stable state i.e. a minimum of the potential energy landscape. Without doing so one can find oneself in the vicinity of a saddle point for which the athermal elastic moduli have no clear meaning. We then apply the athermal quasi-static scheme to measure the finite differences approximation to by sampling a small elastic trajectory, using strain increments of δγ = 2.5 × 10 −6 . We have checked that stricter stopping criteria for the minimizations or smaller strain increments do not significantly alter our results. We emphasize that although we measure B 2 in the athermal limit, the configurations on which we perform this measurement are sampled from various finite temperatures, see below. This athermal measurement is motivated by the requirement to probe the purely mechanical response, excluding thermal activation effects on the measurement from the discussion. Using this method we can compute B 2 at any point of the trajectory. Note that B 2 is still a strong function of the temperature from which the configuration was taken, and this is because the organization of the particles depends on the temperature. We reiterate that B 2 is not the second derivative of the averaged stress-strain curve, but rather the mechanical response of the underlying inherent structure which is sampled at a given temperature. 
III. RESULTS AND DISCUSSION
The average trajectories of both stress vs strain (upper panel) and B 2 vs strain (lower panel) are shown for four different bath temperatures in Fig. 3 ; the system was strained until γ = 1/2 and then strain was reversed until the mean stress dropped to zero. The strain value was then γ 0 from which the experiment in Fig. 1 right panel was started with positive and negative straining with respect to γ 0 . The resulting trajectories of stress vs. strain are shown in Fig. 4 for the 2D system at the same four values of the temperature as in Fig. 3 . We observe that the value of B 2 at the point of zero stress γ 0 reduces when the temperature increases, and in accordance with that the magnitude of the Bauschinger effect goes down as seen in Fig. 4 .
We can draw the conclusion that the magnitude of B 2 is correlated with the amplitude of the Bauschinger effect (measured as the area of difference between the positive and negative stress-strain curves, see inset in Fig. 4) . But even more detailed information which is highly relevant to the elasto-plastic behavior can be gleaned from the probability distributions functions (pdf 's) of B 2 . These pdf's have rich dynamics along the stress-strain curves, as can be seen in Fig. 5 . When measured in the isotropic zero-stress systems that are freshly quenched the distribution is symmetric as expected, with zero mean. In the elasto-plastic steady state the distribution moved to have a negative mean, in accordance with the low panel of Fig. 3 . In Sect. IV we show that this distribution at various points on the stress-strain trajectory. Data was collected from 3000 independent stress-strain trajectories at T = 0.01. In red (continuous) line we draw the symmetric pdf of the freshly prepared samples with γ = 0. In green (dashed) line we show the pdf in the steady state, where it gains a negative asymmetry. In blue (dashed-dotted) line we see the pdf at the Bauschinger point γ = γ0 where it gained a positive asymmetry. The dynamics of these pdf's and their means are correlated with the shapes of the stressstrain curves and are proposed to be a crucial ingredient in any theory of elasto-plasticity. Inset: the N dependence of the pdf at the Bauschinger point γ = γ0. Data was averaged over 1000 independent samples for each system size. must send a tail towards −∞ to accommodate the sharp changes in first derivative (the shear modulus) due to the proximity of mechanical instabilities in the form of plastic drops [13, 14] . At the Bauschinger point γ 0 the mean stress is zero, but the pdf of B 2 gains a positive asymmetry, sending a tail towards +∞, signalling a proximity to a plastic event in the negative straining direction. In the inset of Fig. 5 we exhibit the size dependence of the pdf at the Bauschinger point, to show that the asymmetry and the general shape of the pdf is quite independent of the number of particles N , always having long tails, indicating that near the Bauschinger point γ 0 there are close-by lurking plastic instabilities that are heralded by the tail of our pdf.
To confirm that the qualitative findings reported above remain unchanged in 3-dimensions we repeated similar simulation for the model described above. In Fig. 6 we present a representative averaged stress-strained curve in the upper panel and the corresponding trajectory of B 2 , both at T = 0.01. 
IV. THE DIVERGENCE OF B2 NEAR MECHANICAL INSTABILITIES IN THE FORM OF PLASTIC EVENTS
To see that B 2 must reach ±∞ when the system goes through a plastic deformation recall that as long as the system remains in athermal mechanical equilibrium (i.e. along the athermal elastic branch) the force f i on every particle is zero before and after an infinitesimal deformation; In other words [14] with U the potential energy
where summation is implied by repeated indices. This condition introduces the all-important Hessian matrix H ij and the 'non-affine force' Ξ i which can both be computed from the interparticle interactions. We rewrite this condition as
where the second equation results from expanding in the eigenfunctions of H, H ij ψ
i , and the last estimate stems from our knowledge that in finite systems the plastic event is associated with a single eigenvalue going through zero when the systems slides over a saddle. We denote the critical eigenvalue as λ P . Eq. (11) can be integrated to provide the distance of the non-affine field u i from its value at γ P ,
i , where X(γ) is a function of γ only, satisfying
Finally, we use the crucial assumption [14] that the eigenvalue λ P crosses zero with a finite slope in the Xcoordinate system itself, where distances are measured along the unstable direction:
Together with Eq. (12) and asserting that Ξ j is not singular (it is a combination of derivatives of the potential function [17] ), implies that
These results are now used to determine the singularity of the stress at γ P . We start with the exact result for the shear modulus [15, 16] 
where µ B is the Born term µ B = V −1 ∂ 2 U/∂γ 2 . Using Eqs. (13) and (14) we conclude that near γ P we can write the shear modulus as a sum of a regular and a singular term,
Obviously, our second derivative B 2 ≡ d 2 σxy dγ 2 will inherit the singularity from the first derivative, explaining the long tails of the distributions seen in Fig. 5 . Close to mechanical instabilities B 2 is expected to diverge like (γ P − γ) −3/2 with a sign that depends on the direction of imposed strain.
Even though we sample our configurations from system with temperature where the singular points are not reached due to thermal activations, the proximity of these mechanical instabilities in a specific straining direction is signalled by the large values of B 2 that we measure.
V. SUMMARY AND CONCLUSIONS
We have proposed here a new measure of the deformation-history induced anisotropy in amorphous solids. This measure is not model dependent and is easily accessible to simulations and experiments. It is not obvious at this point in time whether a theory of elastoplasticity should take into account the full pdf of B 2 , or whether it would be sufficient to take the mean value of B 2 into account. We propose however that this object and its pdf are tempting analogues of the object m of the STZ theory as discussed above, with the obvious advantage that they can be easily measured. In fact, in a follow up paper [17] we will show that this object can be expressed as a sum over the particles in the system, and therefore the measurements of the pdf can be done naturally and rapidly, making them highly accessible for further research. We stress that the value of B 2 which has been defined as the limit T → 0 in Eq. (9) can be measured experimentally at sufficiently low temperatures where the Bauschinger effect is expected to be saturated. It appears worthwhile to measure this quantity in such low-temperature experiments and to correlate the value with the amplitude of the Bauschinger effect.
